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Abstract:  
Using the technique of a suitable measure of non-compactness and the Darbo fixed point, we investigate the 
existence of  nondecrasing solutions for a quadratic nonlinear -integral equation of convolution type. Our 
investigations take place in C( ) , the Banach space of real and continuous functions defined 
on , : [0, )  .  An example is also discussed to indicate the natural realizations of our abstract result. 
Keywords: Quadratic integral equation, measure of noncompactnes, existence and uniqueness, Darbo's 
fixed point theorem.   
 

1. Introduction. 
It is well Known that Several problems in many branches in real world such as in physics, engineering,...ect, 
can be modeled as Quadratic integral equations see for example([4], [6], [7], [17]), and the references 
therein, which are often applicable in the kinetic theory of gases, in the traffic theory, and in the radiative 
transfer. Especially the so called quadratic integral equation of Chandrsekher type can be seen in many 
application (cf.([9],[10],[30],[12],[29])). 

In [33], the authors studied the nondecreasing solutions of a Quadratic integral equation of urysohn type 
1

0

 ( ) ,  ,  ,   , [0,1 .) ]( f t x t u t sx x s dt It s ta  

the authors in[18] studied the existence of integral solutions of the following integral equation 

1 2
0

( ) ( , ,   ( , ( )) ).
t

x t f t k t s f s x s ds  

In[19], the authors studied the existence of solutions for the perturbed functional integral equations of 
convolution type 

1 2
0

 ,   ,       , tx t f t x t f t k t s Q x s ds  

        the space pL  in (the space of lebesgue integrable functions on ). 

In [1], the authors studied  the solvability of the following nonlinear quadratic integral equation 

0

    , ,  ,   0, .
t

x t g t Tx t k t s f s x s ds t M  

2. Notation And Auxiliary Results. 
We need to recall some basic concepts that will need later. Let E  be an infinite dimensional Banach space 
with norm  .  and zero element .  Denote by ( , )rB B r the closed ball centered at and with radius r . 

If X is nonempty and subset of E , we denote the symbols X and  ConvX  stand for the closure and closed 
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convex hull of ,X  respectively. Moreover, we use the standard notation X Y  and X  for algebraic 
operations on sets. 

Further on, we denote by EM the family of all nonempty and bounded subsets of E and EN  the family 
of all nonempty relatively compact sets. 

Definition2.1. (Measure of noncompactness)[11] 
A mapping : [0, )EM  is said to be a measure of noncompactness in E if it satisfies the 
following conditions, 

      01 the family : 0Eker X M X  is nonempty and ker ,EN  where ker  is called  
          the kernel of the measure . 

            02 ( ) ( ),X Y X y  
            03   ( ) ( ) ( )ConvX X X , 

           04 1  1 ,  0, ,1X Y X Y  

           05     ,f a dI =  nn E n nX M X X 1   for 1,2,... and ifn nX X n  

                     lim
n

( ) 0,nX  then the set 
1

 (nonempty and compact).n
n

X X  

 The family ker described above is called the kernel of the measure of noncompactness .  For further 
details concerning of measures of noncompactness and its properties, we refer to [11]. In what follows we 
will work in the Banach space ( )C consisting of all real functions defined and continuous on [0, ) . 

The space ( )C  is equipped with the standard norm max :x tx t . Now, let us recall the 

definition of a measure of noncompactness in ( )C  which will be used in our investigations. This measure 
was introduced in [14]. Let us fix a nonempty and bounded subset of C( )X  For and 0.x X we 

let ( , ) sup{ ( ) ( ) : , , },w x x t x s t s t s  
( , ) sup{ ( , ) : },w X w x x X  

And                                                                     0 0
  ,  .w X Lim w X  

Also, let us define the following quantities, 
    , ,~~ ,d x sup x s x t x s x t t s t s  

:   .d X sup d x x X  

Notice that   0d X  if and only if all functions belonging to X are nondecreasing on . It can proved in 
[14], that the function C( ): M  given by 

0( ) ( ) ( ),X w X d X  
is measure of noncompactness on   ( ).C The kernel ker of this measure contains nonempty and bounded 
sets X  such that functions from X  are equicontinuous and nondecreasing on .  

  
 In the end of this section, we recall the fixed point of Darbo which enables us to prove the solvability of 
several integral equations considered in nonlinear analysis. To quote this theorem we need the following 
definitions. 

 
Definition2.2. [11] The function :f I  satisfies Caratheodory condition if it satisfies the following 
two conditions: 
              (1) f  is measurable in t I  for any x . 
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       (2)  f  is continuous in for almost all x t I . 
 

Definition2.3. (Darbo condition) [15] 
Let  be a nonempty subset of a Banach space E  and let :A E  be a continuous operator which 
transforms bounded sets onto bounded ones. We say that A  satisfies the Darbo condition (with a 
constant 0k ) with respect to a measure of noncompactness  if for any bounded subset X  of , we 
have ( ) ( )AX k X . 
Note that, if A  satisfies the Darbo condition with 1k , then it is called a contraction operator with respect 
to . 
Theorem2.1. (Darbo fixed point theorem) [5] 
Let  be a nonempty, bounded, closed and convex subset of E  and let :f  be a continuous 
transformation which is a contraction with respect to the measure of noncompactness , i.e. there exists a 
constant [0,1)k such that 

( ) ( ),fX k X  
 for any nonempty subset X of . Then f  has at least one fixed point in the set .  
Remark2.1. Under the assumptions of the above theorem, it can be shown that the set fix F  of fixed points 

of belonging to F is a member of the family ker  (cf., [11]). This fact permits us to characterize solutions 
of considered operator equations. 

 
3. Main result  

In this section, we will study the nonlinear quadratic integral equation of convolution type having the form, 

0

 ,      ,   , t .x t g t h t x t k t s f s x s ds         (1) 

All functions appearing in equation (1) are known while x x t is an unknown function. For further 

purposes let us also recall that the function ,  h h t x  involved in (1) generates the operator H  defined by 
the formula, 

  ,  ,H x t h t x t                                                                            (2) 

where x x t  is an arbitrary function defined on  Such as an operator is called the superposition operator 
and have several interesting properties([11]). In what follows, we will investigate the integral equation (1) 
assuming the following conditions are satisfied. 

(i) ( )g C is continuous nondecreasing and nonnegative. 
(ii)  :h  is continuous function such that there exists a constant 0a  such that 

  ,   ,      
for all  and ,  .Moreover,  : .

h t x h t
t x

yy x
y h
a

 

(iii) ( ) ( )d Hx ad x  for any nonnegative function ( )x C , where H is the superposition 
operator defined in (2). 

(iv)  :k is continuous and nondecreasing where 

0

sup{ ( ) : , }.K k t s ds t s  

(v)  f :  is continuous function and nondecreasing such that there exists a 
nondecreasing function , such that ( , ) ( ) for all  : and .f s x m xm s x  

(vi) There exist 0 0r   with  

 
0 0 0,( ) ( )g ar b Km r r
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0such that 1,  where { ( ,0) : }.aKm r b max h t t  

             Now we are in position to present our main result. 
Theorem 3.1. Under the assumptions (i)-(vi), equation (3.1) has at least one solution x x t which belong 
the space ( )C and nondecreasing. 
Proof:  Let us consider the operator U  defined on the space ( )C  in the following way, 

0

( )( ) ( ) ( , ( )) ( ) ( , ( )) ,Ux t g t h t x t k t f x d  

taking into account assumptions (i), (ii), (iv) and the properties of the superposition operator, we infer that 
the function Ux  is continuous on for any function x C (the operatorU transforms the space ( )C into 
itself).  

0

( )( ) ( ) h( , ( )) ( ) ( , x( ))Ux t g t t x t k t f d  

0

( ) h( , ( )) h(t,0) ( ,0) ( ) ( x( ) )g t t x t h t k t m d  

0

( ) ( ) ( ,0) ( ) ( x( ) )g t a x t h t k t m d  

0

( ) ( ) ( ,0) ( ) ( )g t a x t h t m x k t d  

( ) ( ) ( ,0) ( ) .g t a x t h t m x K  

The above inequality yields 
),()( xKmbxagUx  

where max{ ( ,0) : }.b h t t  
Hence, keeping in mind assumption ( vi ), we deduce that there exists 0 0r  and such that the operator U  on 
the subset 

0r
B  of the ball 

0r
B  defined as follows, 

0 0
{ : ( ) 0}.r rB x B x t  

Obviously, the set  
0r

B  is nonempty, bounded, closed, and convex. Hence in view of our assumptions we infer 

that U  transforms the ball 
0r

B  into itself. Then, we show that U  is continuous on the set 
0r

B . To do this, let 

us fix 0  and take arbitrarily 
0

, rByx such that ,yx  then we have for ,t  

                ))(())(( tUytUx  

0 0
))(,()())(,())(,()())(,( dyftktythdxftktxth  

0 0
))(,()())(,())(,()())(,( dyftktxthdxftktxth  

0 0
))(,()())(,())(,()())(,( dyftktythdyftktxth  

dyfxftkththtxth ))(,())(,()(])0,()0,())(,([
0

 

0

( , ( )) ( , ( )) k(t ) ( , ( ))h t x t h t y t f y d  

0
( ) ( ) ( , ( )) ( , ( )) ( ) ( )a x t b k t f x f y d a x t y t  
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0

( ) ( ( ) )k t m y d  

                                   
00 0( ) ( ) ( ),rar b K a Km r  

where we denoted 

0 0( ) sup{ ( , ( )) ( , ( )) : , , [0, ], }.r f x f y x y r x y  
Observe that 0)(

0r  as 0   which is a consequence of the uniform continuity of the function f  on 
the set 0[0, ].r  Next, we get 

),()()( 00 0
rKmaKbarUyUx r  

which yields the continuity of the operator  U  on the set .
0r

B  Now, let us take a nonempty set .,
0r

BXx  

Further fix arbitrary 0  and choose Xx  and , ,t s  such that .yx  Then, taking into account 
our assumption, we obtain 
                               )()())(())(( tgsgtUxsUx  

0 0
))(,()())(,())(,()())(,( dxftktxthdxfsksxsh  

                    
0 0

( , ) ( , ( )) ( ) ( , ( )) ( , ( )) ( ) ( , ( ))w g h s x s k s f x d h t x t k s f x d  

                                       
0 0

))(,()())(,())(,()())(,( dxftktxthdxfsktxth  

                                      dxfsktxthsxshgw
0

))(,()())(,())(,(),(  

                                    dxftksktxth
0

))(,()()())(,(  

                                    ]))(,())(,())(,())(,([),( txthsxthsxthsxshgw  

                                    dxmsk
0

))(()(  

                                      dxmtkskththtxth ))(()()(])0,()0,())(,([
0

 

                                   )(])()(),([),(
0

xmtxsxahwgw r  

                                   dtkskxmbxadsk
00

)()()()()(  

                                   ),()],(),([),( 00
rKmxawhwgw r  

where we have denoted 

0 0( , ) sup{ ( , ) ( , ) : , , , [0, ]}.rw h h t x h s x t s t s x r  
Notes that in view of the uniform continuity of the function h  on the set 0[0, ],r  we have that  

0),(
0

hwr  as 0 . This fact with the above estimate allow us to have, 
).()()( 000 XwraKmUXw                                                          (3) 

Further, fix arbitrary  Xx  and ,t s  with .st  Then using the assumptions in our theorem, we get 
 )])(())([())(())(( tUxsUxtUxsUx  

0 0
))(,()())(,())(,()())(,()()( dxftktxthdxfsksxshtgsg  

dxfsksxshtgsg
0

))(,()())(,()()([  

]))(,()())(,(
0

dxftktxth  

)]}()([)()({ tgsgtgsg  

0 0
))(,()())(,())(,()())(,( dxftktxthdxfsksxsh  
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00
]))(,()())(,())(,()())(,([ dxftktxthdxfsksxsh  

0 0
))(,()())(,())(,()())(,( dxfsktxthdxfsksxsh  

0 0
))(,()())(,())(,()())(,( dxftktxthdxfsktxth  

00
]))(,()())(,())(,()())(,([ dxfsktxthdxfsksxsh  

00
]))(,()())(,())(,()())(,([ dxftktxthdxfsktxth  

dxmsktxthsxsh
0

))(()())(,())(,(  

dxmtksktxth
0

))(()()())(,(  

0
[ ( , ( )) ( , ( ))] ( ) ( , ( ))h s x s h t x t k s f x d  

dxftksktxth
0

))(,()]()([))(,(  

))])(,())(,([))(,())(,(( txthsxshtxthsxsh  

dxfsk
0

))(,()(  

dxfskHxd
0

))(,()()(  

).()()()( 00 xdraKmrKmHxd  
Then, we have 

0       .d UX aK m r d X                                                         (4) 
Now from equation (3), (4), and the definition of measure of noncompactness given in section 2, we get 

0     .UX aK m r X  

Hence, taking into account that 0 1aK m r  and the theorem 2.1we obtain that the integral equation (1) has 
at least one solution in ( )C . Moreover, in view of Remark 2.1 and the description of the kernel of a 
measure of noncompactness , we deduce that all solutions of the integral equation (1) belonging to the set 

0r
B  are nondecreasing on .  This complete the proof. 

Corollary 3.1.  Observe that assuming that 0g t , for ,t  we infer that all solutions of the integral 

equation (1) belonging to the set 
0r

B  are continuous, nondecreasing, and positive on . 
proof 
In the case when the assumptions of theorem are satisfied, then the operator U has a fixed point say X  i.e 

       ,UX X  
then 

    0    ,X U X a K m r X  

              hence 
01 ( ) (X) 0.aKm r     

            Since 0   1a K m r then   

00 1    1,( aK m r    
            then 

                                                                      0.X   

            So  
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 0,X d X  

           then 0,X d X then the  solutions of the integral equation (1) will be monotonic 
nondecreasing. We will study the uniqueness of solution for equation (1). 
 

4. Existence of a unique solution 

Theorem 4.1.  Let the assumptions of the above Theorem be satisfied but the assumptions (v)(vi), will 
replaced by 
the  following assumptions 
(a) :f  Satisfies lipschitz condition in x  with constant 0,l  such that 

,   ,     ,f t x t f t y t l x y  

also assume that 1 1( , ( )) ,f t x t l x l  is positive constant 
(b)  

Proof: 
From assumption ( ), we have  

 
for the uniqueness of solution of equation(3.1), let ,  be any two solutions for the equation (1), in , 
we have  

 

  

  

 

 
 

 
. 

Therefore we have. 
 

 
which implies that , thus we have  this complete the proof. 
In the following we will present an example to ensure the assumptions of our existence theorem. 
 

5. Example 
                 Consider the following quadratic integral equation, 

 
 

                              
(5) 

 

 
in our example we have , , further notes that and  

. 
first of all observe that  satisfies assumption  with norm . 
Further notes that the function  satisfies assumption (ii) with  since  and 
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for  and . It is easy to show that this function satisfies assumption , indeed, taking an 
arbitrary nonnegative function  and  such that , we obtain 
 

 
 

                                                                   
 

                                                                   
Hence, we have 
                                                                      
From assumption (iv) we have . 
Indeed 

                                                                       
thus, . Next, we note that the function  satisfies assumption (v). Moreover, we have 

 
so the function . 
Now, let us consider the inequality from the assumption (vi), which has the form 

, 
                                                                             

(6) 

Using the standard methods of differential calculus we can verify that the function 3
0 0 0

1( )
8

y r r r attains its 

maximum at the point 2
0 32 ,r  and 4 2 1

0 3 3( ) .ey r  So the number 0r is a positive solution of the 
inequality(6). finally taking in account all above established facts and the Theorem (3.1) we conclude that the  
above example has at least one solution defined, continuous and nondecreasing on . 
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